ON THE PSX 2 (F 19 )-IN VARIANT CUBIC SEVENFOLD 

ATANAS ILIEV, XAVIER ROULLEAU 

Abstract. It has been proved by Adler that there exists a unique cubic 
hypersurface X 7 in P 8 which is invariant under the action of the simple 
group PSM/2(Fig). In the present note we study the intermediate Jaco- 
bian of X 7 and in particular we prove that the subjacent 85-dimensional 
torus is an Abelian variety. The symmetry group G = PSL2(¥iq) de- 
fines uniquely a G- invariant abelian 9-fold A(X 7 ), which we study in 
detail and describe its period lattice. 



Introduction 

Let PSL2(¥ q ) be the projective special linear group of order 2 matrices 
over the finite field with q element ¥ q . There exist exactly two non trivial 
irreducible complex representations W q -i , W q -i of PSL,2(¥ q ) on a space of 

2 2 

dimension each one complex conjugated to the other, see [3]. In [I], 
Adler proved that for any q a power of a prime p > 7, with p = 3 mod 8, 
there exists (up to a constant multiple) a unique PS'Z^F^-invariant cubic 
form f q of Wg-i . We call the corresponding unique PSX2(F (? )-invariant 

2 

cubic hypersurface 



X 9 -^ ={f q = 0}^F(W^i) 

2 

the Adler cubic for q. 

In the smallest non-trivial case, 5=11 = 1- 8 + 3, the the Adler cubic in 
P 4 = P(W ii-i ) coincides with the Klein cubic threefold 



2 



X = \X l X2 + X 2 X% + X3X4 + X4X5 + X5X1 = 0). 

This threefold has been introduced by Felix Klein as a higher dimensional 
analog of the well known Klein quartic curve, the unique curve in the pro- 
jective plane with symmetry group PSL2(¥i), see [14] . In |17| . the second 
author has proven that there exists a unique Abelian fivefold A(X S ) with a 
-PSX2(Fii)-invariant principal polarization and he has explicitly described 
the period lattice of A(X 3 ). In this case, A(X S ) coincide with the Griffiths 
intermediate Jacobian Jq{X^) of the cubic threefold X s , with the principal 
polarization coming from the intersection of real 3-cycles on X 3 . 
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In this paper we study the next case - the Adler cubic for q = 19 = 2-8 + 3. 
By using the general descriptions from Theorem 4 of [T], one can find an 
equation of the Adler cubic X 7 : 

fig = xfx 6 + x\x2 + x\x-j + + x\x 5 + x|x 8 + x|x 9 + + X3X1 

-2(xix 7 x 8 + x 2 x 3 x 5 + £4X6X9). 



In the first section, we study a similar invariant principally polarized 
Abelian ninefold A(X 7 ) defined uniquely by the Adler cubic sevenfold, and 
compute the period lattice and the first Chern class of the polarization of 
A(X 7 ). 

In the second section, we show that on the 85-dimensional complex torus 
J = (H 5 ' 2 ®H 4 ' 3 )*/H 7 (F 19 ,Z) of the Griffiths intermediate Jacobian J G (X 7 ) 
of X 7 , one can introduce a structure of a PS , L2(Fig)-invariant polarization 
which provides J with a structure of an Abelian variety. 

In the third section, we study invariant properties of the Adler-Klein pen- 
cil of cubic sevenfolds, an analog of the Dwork pencil of quintics threefolds 
see e.g. [9|. Notice that from the point of view of variation of Hodge struc- 
ture, the cubic sevenfolds can be considered as higher dimensional analogs 
of Calabi-Yau threefolds, see [7] and [13J. 

Acknowledgements. We thank Bert van Geemen for its comments on a 
preliminary version of this paper. The second author acknowledges the hospi- 
tality of the Seoul National University where part of this work was done. He 
is a member of the project Geometria Algebrica PTDC/MAT/099275/2008 
and was supported by FCT grant SFRH/BPD/72719/2010. 



1. The invariant Abelian 9-fold of the Adler cubic 7-fold. 

We begin by some notations. Let e±, . . . ,eg be a basis of a 9-dimensional 
vector space V . Let r € GL{V) be the order 19 automorphism defined by 



t : ej — > £■> e 



3i 



where £ = e 2l7r / 19 , i 2 = —1, and let be a G GL(V) the order 9 automorphism 
defined by 

a : e k ^ e\ 6j \, 

where for any integer t the notation |t| means the unique integer < u < 9 
such that t = ±u mod 19. We denote by \x the order 2 automorphism given 
in the basis e\, ■ ■ ■ ,eg by the matrix: 

k 3 A /rkj _ c-kr 



where ( -A ) is the Legendre symbol. The group generated by r, a and fi is 



19 f 

isomorphic to PSL2(¥ig) and define a representation of PSL2(¥ig), see [3 
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Let us define 

Vk = r k {ei H he 9 ) = 

tk„ i t4fc_ i t9fc„ i el6fc„ e6fc„ _r_ el7fc„ i tilt. j_ e7fc„ _j_ t5fc„ 

— 4 ei + 4 e 2 + 4 e 3 + 4 e 4 + 4 e 5 + 4 e 6 + 4 e 7 + 4 e 8 + 4 e 9 
(thus v k = Ufe+19) and 

where 



fe=i 

An endomorphism h of a torus A acts on the tangent space Ta,o by its 
differential d/i, which we call the analytic representation of h. For the ease of 
the notations, we will use the same letter for h and its analytic representation. 

In the present section, we will prove the following Theorem: 

Theorem 1. There exist: 

(1) a 9- dimensional torus A = V/A, Ta,o = V such that the elements r, 
a of GL(V) are the analytic representations of automorphisms of A. The 
torus A is isomorphic to the Abelian variety E 9 , where E is the elliptic curve 

c/zh (v= 

(2) a unique principal polarization on A which is invariant by the au- 
tomorphisms o~,t. The period lattice of A is then: 

#i(A,Z) = — —w'r, + — —w\ + — —w' 2 + — U- w ' +ffiZi/k, 

fc=4 

and ci(0) = — %= Ylk=i d x k A dxk, where x\, . . . ,xg is the dual basis of the 



In order to prove Theorem [TJ we first suppose that such a torus A = V/A 
exists and find the necessary condition for its existence. We then check 
immediately that these conditions are also sufficient, and that they give us 
the uniqueness of A. 

Let A C V be a lattice such that r and a of GL(V) are analytic represen- 
tations of automorphisms of the torus A = V/A. Let 

4 = e*xi + e k x 2 + e h x3 + 4 i6fc *4 + e k x 5 + e 7k x 6 + e ik x 7 + e k x s + e k x 9 . 

Let q be the endomorphism q = ^j=o <J ' ? ' ^ or z = Sj=i x j e i' we have 
q(z) = £q(z)vq, thus the image of q is an elliptic curve E contained in A. 

The restriction ofgoTii-^EtoE^iis the multiplication by 
v = £o( TV o)- Thus the endomorphism group End E of E contains the ring 
7L\u\ ; since this is a maximal order, we have End E = Z[z/]. We remark 
that the ring Z[z/] is one of the 9 rings of integers of quadratic fields that are 
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Principal Ideal Domains, see |15j . Since Z[z/] is a PID and H\{A, Z) fl Cvq is 
a rank one Z[z^]-module, there exists a constant c G C* such that 

ffi(A,z) nCw = z[i/]cu . 

Up to normalization of the e^'s, we can suppose that c = 1. 

Let Ao C V be the Z- module generated by the u^, k G Z/19Z. The group 
Ao is stable under the action of r and Ao C H\(A, Z) = A. 

Lemma 2. The Z-module Aq C H\(A,Z) is equal to the lattice: 

k=8 

Ro = J2^W 

k=0 

Proof. We have vvq = X^a-=i v k' z hence vvq is an element of Ao- This implies 
that the vectors vv k = r k i>VQ are elements of Ao for all k, hence: Ro C Ao- 
Conversely, we have: 

vg = vo+(l+v)vi-2v2 + (l-v)v3+(3+i>)v4 : +(-2+v)v 5 -(2+v)v6+2v 7 +vvg 

and similar formulas for viq, . . . , vn. This proves that the lattice Rq contains 
the vectors v k = T k VQ generating Ao, thus: Rq = Aq. □ 

Now we construct a lattice that contains H\{A, Z). Let be k G Z/19Z. 
The image of z G V by the endomorphism q o r k : V — > V is 

gor fc (z) = 40H- 

Let be A G Hi(A,%). Since Hi(A,Z) n Ci>o = Z[i/]i;q, the scalar 4(A) is an 
element of Z[u}. Let 

A 8 = {z G V | 4(z) G Z[u], 0<k<8}. 

Lemma 3. The Z-module As D H\(A,Z) is the lattice: 

1 + 2 {vk-v k +i) + %[v]vo. 

k=0 V 

Moreover r stabilizes Ag. 

Proof. Let £q, . . . ,£g be the basis dual to £q, . . . ,£g. By definition, the Z[z/]- 
module Ag is ©^qZ[i/]£|. By expressing the £* in the basis vo,...,Vg we 
obtain the lattice As. Using the formula: 

Vg - V 8 = VQ + (1 + u)v\ - 2v 2 + (1 — v)v 3 + (3 + V)V± 

+ {u - 2)v 5 - (2 + z^)t; 6 + 2w 7 + (y - 1)« 8 , 

one can check that vg — is a Z[z/]-linear combination of {2v + l)wo and the 
v k - v k+1 for k = 0, ... , 7. Therefore T(^p T (v 8 - u 7 )) = ^PT^s - «s) is in 
Ag and Ag is stable by r. □ 
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We denote by (f> : Ag — > Ag/Ao the quotient map. The ring Z[z/]/(l + 2z/) is 
the finite field with 19 elements. The quotient Ag/Ao is a Z[zv]/(l+2z/)-vector 
space with basis t±, . . . ,tg such that t{ = (vi-i — ^i) + Ao. 

Let R be a lattice such that : Ao C R C Ag. The group 4>(R) is a 
sub- vector space of A 8 /A and: 

(f)- l ^(R) = R + A = R. 

The set of such lattices R correspond bijectively to the set of sub- vector 
spaces of Ag/Ao. 

Because the automorphism r preserves Ao, it induces an automorphism r on 
the quotient Ag/Ao such that (f> o r = r o Asr stabilizes Hi(A,Z), the 
vector space (f)(Hi(A,Z)) is stable by f. Let 

^ = ("l) fc E ( M (-1)^+1, = . . . 7. 

Then ti^-i = Tti^ — Wi for i > 1 and tw\ 
w±, . . . . , w$ is the size 8x8 matrix: 

/ll 







t«i . The matrix of r in the basis 
• °\ 
. 



'■. '•• 1 

V 1 / 

The sub-spaces stable by r are the spaces Wj, 1 < j < 8 generated by 



wi, . . . ,Wj and Wq = {0}. 



Let Aj be the lattice 



^W,-. It is easy to 



check that, as a lattice in C 9 , the Aj are all isomorphic to Z[u] 9 . Since 
A = -Hi (A, Z) is stable by r, we have proved that : 

Lemma 4. TTie torus A = V/A exists, it is an Abelian variety isomorphic 
to E 9 . There exists j £ {0, 1, ■ ■ ■ , 8} such that A = Aj. 

Let w' , . . . ,w' 3 be the vectors defined by: 

1 . . .1 



w' 



(vq — 5v\ + 10V2 — IOV3 + 5^4 — V5) = 



and w' u 



l + 2v 
- T k w' (we have 4>(wq 



(1 - rfvo 



l + 2u 

W4). Let us suppose that A = V/A has 



moreover a principal polarization that is invariant under the action of r 
and a. Then: 



Lemma 5. The lattice H\(A,Z) is equal to A4, and 
Z\v\ 



A 4 



1 + 2u 



-Wn 



ZW , Z\v 



1 + 2v 



l + 2v 



l + 2i> 



0zh 



Vk- 



fc=4 



The Hermitian matrix associated to is equal to —7^/9 in the basis e±, . . . , eg 
and ci(9) = -4= Sfc=i rfa; fe A dx k . 
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Proof. Let H be the matrix of the Hermitian form of the polarization Q in 
the basis e\, . . . , eg. Since r preserves the polarization Q, this implies that: 

Vfff = # 

where f is the matrix whose coefficients are conjugated of those of r. The 
only Hermitian matrices that verify this equality are the diagonal matrices. 
By the same reasoning with a instead of r, we obtain that these diagonal 
coefficients are equal, and: 



where a is a positive real (H is a positive definite Hermitian form). As H is 
a polarization, the alternating form ci(G) = Qm(H) takes integer values on 
Hi(A, Z), hence $$m( t V2Hvi) = a is an integer. 

Let ci(0) = Qm(H) = Yl ^ x k A dx\~ be the alternating form of the 
principal polarization G. Let Ai,...,Aig be a basis of a lattice A'. By 
definition, the square of the Pfaffian Pf®(k') of A' is the determinant of the 
matrix 

M A > = (ci(e)(A i ,A fc )) 1 < jjfc < 18 . 

Since G is a principal polarization on A, we have PfQ(Hx(A,Z)) = 1. 

For j € {0, . . . , 8}, it is easy to find a basis of the lattice Aj. We compute 

that 

Pf = a 18 19 8 - 2 ^' 

where Pj its Pfaffian of Aj. As a is positive, the only possibility that Pj 
equals 1 is j = 4 and a = 1. Moreover since all coefficients of the matrix 
Ma 4 are integers, the alternating form —j= Yl & x k A cfefc defines a principal 



polarization on A, see [6] Chap. 4.1]. □ 

Theorem Q] follows from Lemmas [|] and [5] 

Remark 6. One can compute that the involution fi acts on the principally 
polarized Abelian variety (^4,0), and therefore that Aut(^4, Q) contains the 
group PSL 2 (¥ig). 

Remark 7. In[5J, Beauville proves that the intermediate Jacobian of the Sq- 
symmetric quartic threefolds F is not a product of Jacobians of curves (see 
also [4]). That implies, using Clemens-Griffiths results for threefolds, the 
irrationality of F. Using the arguments at the end of [5], one can see that 
the principally polarized abelian ninefold (A, Q) is not a product of Jacobians 
of curves. 

2. Intermediate Jacobians of the Adler cubic sevenfold 

2.1. Intermediate Jacobian. For a smooth algebraic complex manifold X 
of dimension n = 2k + 1, let H p ' q (X) be the Hodge (p, g)-cohomology spaces 
H*>*(X) = Hi(X, QP), and ftP>« = dim H™{X) be the Hodge numbers of X, 
< p + q < 2n = Ak + 2. The intersection of real (2k + l)-dimensional chains 
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in X defines an integer valued quadratic form Qg on the integer cohomology 
H2k+i(X, Z), and yields an embedding of H2/H-I (X, Z) as an integer lattice 
in the dual space of H 2k+1 '°(X) + H 2k ^(X) + ... + H k+1 ' k (X). The quotient 
compact complex torus 

J G (X) = (H 2k+lfi (X) + H 2k > l (X) + ... + H k+l > k (X))*/H 2k+1 (X,Z) 

is the Griffiths intermediate Jacobian of the n-fold X, see [8, p. 123]. By the 
Riemann-Hodge bilinear relations, the quadratic form Qq is definite on any 
space HP> n -P(X), and has opposite signs on HP' n ~P(X) and HP'> n -P'(X) if 
and only if p— p' odd. Moreover 9to((5g) takes integral values on H 2 k+i(X, Z). 
We call the pair (Jq(X),Qg) the polarized Griffiths intermediate Jacobian. 

The quadratic form Qg gives the polarized torus (Jq(X), Qg) a structure 
of a polarized Abelian variety if and only if p has the same parity for all 
non-zero spaces H p ' n " p (X), ([8, p. 123]). 

2.2. Griffiths formulas. The middle Hodge groups of a smooth cubic sev- 
enfold can be computed by the following Griffiths formulas, which we shall 
use below in order to determine the representation of the action of the sym- 
metry group PSL2(¥\g) on the middle cohomology of the Adler cubic sev- 
enfold. 

Let X = (/(x) = 0) be a smooth hypersurface of degree m > 2 in the 
complex projective space P n+1 (x), (x) = (xi, ...,x n+ 2)- Let S = (Bd>oSd be 
the graded polynomial ring 5 = C[xo, x n +2], with being the space of 
polynomials of degree d. Let / = (Bid C S be the graded ideal generated by 
the n + 2 partials j = 1, n + 2, with = I D S^. 
Let R = S/I = (BRd be the graded Jacobian ring of X (or the Jacobian ring 
of the polynomial f(x)), with graded components Rd = Sd/Id- Then for 
p + q = n, the primitive cohomology group H^ m (X) is isomorphic to the 
graded piece i? m ( g +i)_ n _2) where Rd = for d < 0, ([8], p. 169). For odd 
n = 2k + 1 all the middle cohomology of X are primitive, and in this case 

H™(X) * R m{q+1 y n ^ 2 , p + q = 2k + l= dimX, m = degX. 

In particular, for a smooth cubic sevenfold X = (f(x) = 0) C P 8 one has 

H 7 -^(X) = R 3{q+1 y 9 , 0<q<7, 

which yields 

H 7 >°(X) = i?_ 6 = 0, H^{X) = R_ 3 = 0, 
H 5 > 2 (X) =R ^C, H 4 > 3 (X) = R 3 = C 84 . 

2.3. Character table of P5L 2 (F 19 ). In Proposition [8] below, we shall use 
the known description of the irreducible representations of the automorphism 
group PSL 2 (¥iq) C Aut(X), which we state here in brief: 

By [3], the group PSX2(Fig) has 12 conjugacy classes: 

1, { Wl }, {w 2 }, {x}, {x 2 }, {x 3 }, {x 4 }, {y}, {y 2 }, {y 3 }, {y 4 }, {y 5 } 
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where x has order 9, y has order 10, W\ = f J J ^ , W2 = w\ (we observe 

that wf,wf 6 {^2}) ?AI 2> U; 2 ^ {Vl})- Correspondingly, the 12 irreducible 
representations of P 6X2^19) are 

T U W 9 ,W 9 , Wl 8 , W? 8 , W? s , Wf 8 , W^, Wi , W19 

where the notations are uniquely defined by the character table of PSL2 (F19) 
below for which a k = 2cos(^f ), b k = -2cos(^f ) and v = r=l±hM _ Note 
that the representation Wg is described otherwise in section 1. 
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FIGURE 2.1. Character table of PSL 2 (¥ 19 ) 



2.4. Periods of the Adler cubic. Let IcP 8 = P(W 9 ) be the Adler cubic 
sevenfold 

{/l9 = x\ Xq + XgX 2 + X%X7 + £7X4 + X4X5 + XgX 8 + XgXg + XgX 3 + X3X1 

-2(xix 7 x 8 + x 2 x 3 x 5 + x 4 x 6 xg) = 0}, 
and let H p ' q = H p,q {X) be the Hodge cohomology spaces of X. 

Proposition 8. The representation of the group PSI^Fig) on the 84- 
dimensional space H 4,3 (X)* of the Adler cubic X is: 

H 4 ' 3 (xy = w 9 ® wis © wis e w 19 e wi . 

The group PST^Fig) acts trivially on the one- dimensional space H^ ,2 (X)* . 

Remark 9. Let a group G acts on a vector space V on the left. Then the 
group G acts on the right on the dual space V*: for I E V* and g € G, 
I ■ g = I o g. Since the traces of the action of g on V and on V* are equal, 
the two representations V and V* are isomorphic. The representation V* 
should not be confused with the dual representation of G defined such that 
the pairing between V and V* is G- invariant (see |llj). 
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Proof. In order to decompose the representation of PST^Fig) C Aut(X) 
on the dual cohomology space _£f 4,3 , we shall use the identification as rep- 
resentation space 

H^ 3 (X) ^R 3 = S3//3 = Sym 3 IU 9 // 3 

between H 4,3 (X) and the graded component of degree 3 in the quotient 
polynomial ring S = C[x±, ...,xg] by the Jacobian ideal / spanned by the 9 
partials of fig, see above. 

The space P 8 containing the Adler cubic X is the projectivization of the 
representation space Wg = (Si)*. We have S3 = Sym 3 (Vy 9 *) = Sym 3 (W 9 ). 
Let us decompose Sym 3 VU 9 into irreducible representations of PSZ^Fig). 
The character of the third symmetric power of a representation V is: 

Xsym 3 v(sO = \(xv(gf + 3xv(g 2 )xv(g) + 2xv(g 3 )), 

see |16| . Therefore the traces of the action of the elements 1, Wi,W2 etc on 
Sym 3 Wg are 

v = '(165, 3 - v, 3 - v, 0, 0, 3, 0, 0, 0, 0, 0, 5). 
Using the character table of PSL 2 (Fi 9 ), we obtain: 
Sym 3 TU 9 = Ti W 9 Wis © Wis © w w © w w © (W 2 3 ) e2 W 2 4 W] 



19- 

The graded component I 2 of the Jacobian ideal I of X is generated by the 9 
derivatives -J^r, k = 1, . . . , 9. The space I 2 is a representation of PSL 2 (Fi 9 ). 

The action of w\ on is the multiplication by £ 3 ' 2 , where £ = e 2l7r//19 , see 
section 1. The action of wi on I2 is then easy to compute. By example, since 

df\g o 

- — = 2x!X 6 + x 3 - 2x 7 x 8 , 
ax 1 

we get wi ■ ^j^- = C^^r-- By looking at the character table, we obtain 
that the representation I2 is Wg. Therefore ^3 = Wg Wg. Using the 
fact that for two representations V\, V2, their characters satisfy the relation 
XVi®Vi = XV1XV21 we obtain: 



Since 
then 



i 3 = Wg <g> Wg = Ti e w 2 \ e wIq e w 2 3 e tu 2 4 . 



H A <\X)* * (S3/I3)* = Sym 3 W 9 /I 3 



p- 4 > 3 (x)* = fu 9 e tu/s e wf 8 e TUi 9 e wf 



'20- 

The action of the group PSL 2 (Wig) C Aut(X) on H Fj ' 2 (X)* ^ R* ^ C is 
trivial, see the character table. □ 

Let V be a representation of a finite group G and let W be an irreducible 
representation of G of character \W- We know that there exist a uniquely 
determined integer a > and a representation V of G such that W is not a 
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sub-representation of V' and V is (isomorphic to) W® a ®V . By [11 J formula 
(2.31) p. 23, the linear endomorphism 

ip w = dll ^! V Yl xw(g)g ■ v ->• v 

is the projection of V onto the factor consisting of the sum of all copies of W 
appearing in V i.e. is the projection onto jy® a . For the trivial representation 
T, XT = 1 an d ipT is the projection of V onto the invariant space V . 

Recall that an endomorphism h of a torus Y acts on the tangent space 
TY of Y by a linear endomorphism dh called the analytic representation of 
h. The kernel of the map End(Y) —> End(TY), h — > dh is the group of 
translations (see [6]) ; in the following we will work with endomorphisms up 
to translation. 

Suppose that for some irreducible representations W\, . . . , W& the sum 

xwAg) + ■ ■ ■ + xw k {g) 

is an integer for every g. Then the endomorphism 

h = ^2(xwAg) h 1- xw k (g))g e End{J G x) 

is well defined and its analytic representation is 

dh = ^(xwAg) + ■■■+ Xw k (g))dg G End(TJ G X). 

geG 

The tangent space of the image of h (translated to 0) is the image of dh. 

Corollary 10. The torus JqX has the structure of an Abelian variety and 
is isogenous to: 

E x A, x ^ 36 x A 19 x A 20 

where Af. is a k- dimensional Abelian subvariety of J G X and E C JgX 
an elliptic curve. The group PSL2(¥ig) acts nontrivially on each factors 
A9, A SG , A w , A 2 Q. 

Proof. The character of the trivial representation is xo = 1- Let Xi, X2, X3: X4 
be respectively the characters of the representations Wg © Wg , Wf 8 © W^ 8 © 
W is © ^18) W w and W 20 © W 20 © W 20 © W 2Q- B y tlie character table, the 
numbers Xk{g), g G PSL2(J$\g) are integers, therefore we can define 

Qk = ^2 *k(g)g 

gePSL 2 {¥ 19 ) 

for k = 0, . . . , 4. The analytic representation of is a multiple of the pro- 
jection onto the subspace (H 5,2 )*, Wg, ... of TJqX. The images of qu, k = 
0, • • • ,4 are therefore respectively 1, 9, 36, 19, 20-dimensional sub-tori of JgX, 
stable by the action of the group ring r L[PSL>2(¥ig)\ and denoted respectively 
by E,Ag,...,A 20 . 
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The image of the endomorphism q\ + - ■ ■ + qn (resp. q®) is a sub-torus whose 
tangent space is H 4 ' 3 (X)* (resp. H 5 ' 2 (X)*), therefore H 7 (X, Z) n H 4 ' 3 (X)* 
isalatticeinF 4 ' 3 (X)* (resp. H 7 (X,Z)nH 5 < 2 (X)* is a lattice in H 5 ' 2 (X)*). 

Let Qg be the Hodge- Riemann form on the tangent space (H 5,2 © H 4 ' 3 )* . 
It is positive definite on H 5,2 (X)*, negative definite on H 4 ' 3 (X)*, the space 
H 4,3 (X)* is orthogonal to H 5 ' 2 (X)* with respect to Qg and Qg takes integral 
values on H 7 (X,Z) C (H 5 ' 2 © H 4 ' 3 )* (see ft], 114). 

Let us define the quadratic form Q' on (H 5 > 2 © H 4 > 3 )* by Q' = -Qg 
on H 4 ' 3 (X)* and Q' = Q G on H 5 ' 2 (X)*. This Q' is a definite quadratic 
form that takes integral values on the lattice A C H 5,2 (X)* generated by 
H 7 (X,Z) n H 4 > 3 (X)* and H 7 (X,Z) n H^ 2 (X)*. We thus see that J' = 
(H 5,2 © H 4 < 3 )* /A is an Abelian variety, and since JgAT is isogenous to J', 
JgAT is also an Abelian variety. □ 

3. On the Adler-Klein pencil of cubics. 
Here we study the Adler-Klein pencil of cubics X\ = {f\ = 0}, 

fx = X 2 Xq + x\%2 + x\x 7 + X 2 X4 + X 2 X 5 + X 2 Xg + XgXg + XgX 3 + 

+A(xix 7 x 8 + x 2 x 3 x 5 + x 4 x 6 a;9), 

where X_2 is the Adler cubic, Xq is the Klein cubic. Since AT_2 an d Xq are 
smooth, the general member of the pencil is smooth. 
The automorphism group of X\ contains the group 

H = Z/9Z x Z/19Z 

whose law is defined multiplicatively by: 

(a,b)(c,d) = (a + c,4 c • b + d). 

Remark. The group H is a subgroup of PSZ^Fig) : it is the stabilizer of 
a point in the projective line P 1 (Fig) for the action of the simple group 
(F19). Since P 1 (Fig) has 20 points, there are therefore 20 such sub- 
groups in PSL2(¥ig). 

Let us study the representation of H on the tangent space of the interme- 
diate Jacobian of X\. Let be a = (1,0) and b = (0, 1) G H. Let us denote 
by C g the conjugacy class of an element g G H. The conjugacy classes of 
the group H are the 11 classes: C52 and C a k, k = 0, • • • ,8. Let [i be a 
9 tfe -primitive root of unity. The group Z/9Z is the quotient of iif by Z/19Z, 
thus the irreducible one-dimensional representation 

Z/9Z -»• C* , rn „, 
Xfc : X fl ^ ^fca , * G {0, • • • , 8} 

induces an irreducible representation Vfc of i7. Let Vg, ^9 be the restrictions 

of the representations Wg, Wg to H C P5 , L 2 (Fi 9 ). As 171 = l 2 H h l 2 + 

9 2 + 9 2 is equal to the order of H, the representations Vq, . . . , V%, Vg, Vg are 
the 11 irreducible non-isomorphic representations of H (see |llj). 
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Proposition 11. The restrictions of the representations Wf 8 , Wig, W20 of 
PST^Fig) to H C PSL2(¥\g) are decomposed as follows: 

Wf 8 = V 9 + V 9 _ 

Wig = V + Vg + Vg 









W20 = 


v 3 + v 6 + v 9 + v 9 . 
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FIGURE 3.1. Character table of H = Z/9Z x Z/19Z. v = 
\{-\ + iVW), fi 9 = 1, a = (1, 0), b = (0, 1). 



Proof. There exist positive integers ao, ■ ■ ■ , a 9 , bo such that the representation 
of H on W? s equals (in fact, is isomorphic) to V^ a ° • • • V g ® a9 © F® 69 . 
For an element g G H acting on a vector space V, we denote by Tr(g\V) the 
trace of g acting on V . We have 

Tr(g\Wf 8 ) = a Tr(g\V ) + ■■■ + a 9 Tr(g\V 9 ) + b 9 Tr(g\V 9 ). 

The values of Tr(g\V\), ■ ■ ■ , Tr(g\V 9 ), Tr(g\V 9 ) are given in the above char- 
acter table, and are independent of the conjugacy class of g. Since we know 
the values of Tr(g\Wf 8 ), g G H from the character table of PSL>2(¥i 9 ), by 
elementary linear algebra we obtain that ao = • • • = as = and a 9 = b 9 = 1, 
therefore Wf 8 = V 9 © V 9 . In the same way, we find W\ 9 = Vq + V 9 + V 9 and 
W 20 = V 3 + V e + V 9 + V 9 . □ 

Let X\ be a smooth cubic in the Klein-Adler pencil and let JqX\ be the 
Griffiths intermediate Jacobian of X\ . 

Corollary 12. The representation of H on the tangent space to the Griffiths 
intermediate Jacobian of X\ is: 

TJ G X X = V + H 4 > 3 (X)* = 2V + V3 + V 6 + 4V 9 + 5V 9 . 
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There exist subtori A 2 , B 2 , -Bsi °f JgX\ of dimension respectively 2, 2 , 81, 
such that B 2 and Bg± are Abelian varieties and such that there is an isogeny 
of complex tori 

J G X X -> A 2 x B 2 x B 81 . 

Proof. For the Adler cubic X^d, the representation of PSL2 (F19) on H 4 ' 3 (XAd) 
is 

H^{X Ad ) =W 9 (B Wl 8 © W 18 © w i9 © Wi . 

From Proposition \TT\ we know the representation of H on each of the factors 
of H 4,s . Since H acts also on each X\, the representation of H on H 4,S (X\) 
is the same for all cubics X\ in the pencil, and we have: 

# 3 = s 3 y 9 // 3 = v + y 3 + v 6 + w 9 + 5F 9 . 

Thus TJ G X\ = (Vo)® 2 ® V83. The image of the endomorphism Y2g£c9 
is therefore a 2-dimensional torus A 2 . By considering the quotient map 
JqX\ — > JgX\/A2, we see that Vs3 Pi Hj(Xx,7j) is a lattice. There is more- 
over on it a positive definite integral valued form (the restriction of the 
Hodge- Riemann form) , therefore Vs3 is the tangent space of a 83-dimensional 
Abelian subvariety ^4s3 of JqX\. By using the same arguments as in sec- 
tion 2, we see that A^s is isogenous to a product B 2 x B^i of two abelian 
sub- varieties. □ 
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